1. Introduction and Results.-The design of equipment to perform a given function generally contains various adjustable parameters. The best design for commercial customers can usually be taken as that which minimizes the total cost to the customer-the total cost including both amortization and operating costs. In a prior publication,1 the author has developed a procedure for obtaining an algebraic expression for the minimum cost in the particular case where the cost may be represented as a polynomial in the adjustable parameters, the number of terms in the polynomial being one greater than the number of adjustable parameters. Applications of this procedure have been given by Sherwood.2 An alternative approach to this problem of cost minimization has been presented by Duffin.A 4 In particular, he has developed a min-max principle applicable to cases where the number of terms in the polynomial exceeds by 2 or more the number of adjustable parameters.
The author has found that the Duffin extension of the optimization procedure allows one to solve explicitly the following general type of engineering problem. Consider a system which can be regarded as consisting of N overlapping subsystems, the overlap containing only one element. Suppose further that when each subsystem is optimized for minimum cost for independent operation, the element common to all subsystems has the same weighting exponent in all subsystems. We desire to know the minimum cost of operating the system as a whole, in terms of the costs of operating the subsystems optimized for independent operation.
The answer to this general problem may be expressed in relatively simple terms. Let ao be the weighting exponent of the common element when any one of the subsystems is optimized to act independently. Further, let m1 be the minimum cost of operating the subsystem j independently with optimized parameters, M the minimum cost of operating the complete system. Then, we find in section 2 that = m/ .
(1)
Further, let ask be the weighting exponent of the jth term in subsystem k when the subsystem is optimized for independent operation. We then find that when the complete system is optimized, this jth term of the subsystem k has the weighting exponent l/1 t Jk.
2. Analysis.-We consider a system which may be divided into N subsystems which are independent save for one common element. We shall further consider that each subsystem, taken independently, has a cost which may be expressed as a polynomial in nj parameters and nj + 1 terms. Each term in a subsystem then has a unique weighting exponent. We shall consider that the common element has the same weighting exponent a irrespective as to which subsystem it is considered to be a member. Our problem is to obtain the minimum cost of the system for the optimized values of the parameters. Specifically, we are to obtain M = min {IPJ(x, 82j X3Jy, .. Xnj,) + CZ}. (3) The cost of the jth subsystem is here taken as P1 + cz, cz being the cost of the common element.
We denote the kth term of P, by Tk,j. Our first step is to note that a set of exponents flij, . .. f. j, 5 may be uniquely determined which satisfies the two conditions that the product 
We are now able to form a product of all the cost terms of our system in such a way that the product does not contain any of the parameters of the system. Such a product is
where the a's form an arbitrary set of positive weighting exponents which satisfy the-normalization requirement ai +a2...aN=l. (7) We now apply the Duffin modification to our original procedure, and obtain (N Flaij \i3~a iJfl,, aiC M = max j r ( a (8) where the maximum is to be taken over all those positive values of a, .... aN which satisfy the normalization requirement, and where a*j is the constant coefficient in Tki,
It is now convenient to introduce the minimum costs of the subsystems taken as operating independently. Thus, upon defining mj = mim {P1(z, X2J, * * * Xfj,) + cz},
we find mj = ()I)
.* (anf;)1i* (C)
In terms of these minima for our subsystems, we now rewrite (8) The final result may be written in the form (1) given in the introduction. The weighting exponents are obtained by substituting (10) and (12) into (11). One obtains (2) presented in the Introduction.
